We first give a solution to a key problem concerning the completeness of the space of weighted pseudo almost-periodic functions and then establish a new composition theorem with respect to these functions. Some important remarks with concrete examples are also presented. Moreover, we prove an existence theorem for the weighted pseudo almost-periodic mild solution to the semilinear evolution equation: x t Ax t f t, x t , t ∈ R, where A is the infinitesimal generator of an exponentially stable C 0 -semigroup. An application is also given to illustrate the abstract existence theorem.
Introduction
It is well known that periodicity and almost periodicity are natural and important phenomena in the real world. In 2006, Diagana 1 introduced the concept of weighted pseudo almostperiodic functions, which is a generalization of the classical almost-periodic functions of Bohr as well as the vector-valued almost-periodic functions of Bochner cf., e.g., 1-4 . Recently, weighted pseudo almost-periodic functions are widely investigated and used in the study of differential equations. Many basic properties and applications to several classes of differential equations were established, see, for example, Blot et al. 5 and Diagana 6 . On the other hand, the properties of weighted pseudo almost-periodic functions are more complicated and changeable than the almost-periodic functions and the pseudo almost-periodic functions because the influence of the weight ρ is very strong sometimes. Very recently, we constructed examples to show that the decomposition of weighted pseudo almost-periodic functions is 2 Abstract and Applied Analysis not generally unique 3 . Hence, the space of the weighted pseudo almost-periodic functions may not be a Banach space under the usual supremum norm. Actually, the completeness of the space of these functions is worthy to be studied deeply by new ideas. In this paper, we will present a solution to the fundamental problem. Then, we will study the corresponding composition problem of weighted pseudo almost-periodic functions, as well as the existence of weighted pseudo almost-periodic mild solution to the following semilinear evolution equation:
where A is the infinitesimal generator of an exponentially stable C 0 -semigroup. The paper is organized as follows. In Section 2, we prove a completeness theorem for the space of weighted pseudo almost-periodic functions by introducing a new norm on the space. Moreover, some remarks on weighted pseudo almost-periodic functions are given. In Section 3, we first establish a composition theorem for weighted pseudo almost-periodic functions and then give an existence theorem for the weighted pseudo almost-periodic mild solution to the evolution equation 1.1 . An example is presented to illustrate the abstract existence theorem.
Completeness Theorem
Throughout this paper, we let X, Y be Banach spaces and BC R, X the Banach space of all Xvalued bounded continuous functions equipped with the supremum norm. L 1 loc R denotes the space of all locally integrable functions on R, and U stands for
Define the space U ∞ as
and define U b as the set of all ρ ∈ U ∞ such that ρ is bounded with inf t∈R ρ t > 0. Obviously,
In what follows we recall some definitions and notations needed in this paper.
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Definition 2.1 S. Bochner . A continuous function f : R → X is called almost periodic if for each ε > 0 there exists an l ε > 0 such that every interval I of length l ε contains a number τ with the property that
The set of all such functions will be denoted by AP X in this paper. A continuous function f : R × Y → X is said to be almost periodic if f t, x is almost periodic in t ∈ R uniformly for all x ∈ K, where K is any bounded subset of Y. Denote by AP R × Y, X the set of all such functions.
The set of bounded continuous functions with vanishing mean value is denoted by PAP 0 R, X , that is,
φ ∈ BC R, X : lim
Let ρ ∈ U ∞ , and we define the set of continuous functions with vanishing mean value under weight ρ by
and define
uniformly for u in any bounded subset of Y .
2.8
For simplicity of notation, we write PAP 0 X and PAP 0 X 2.9 instead of PAP 0 R, X and PAP 0 R, X , 2
respectively.
The following definition is a slight modification of that given by Diagana 1 .
Definition 2.2.
A function f ∈ BC R, X f ∈ BC R × X, X is called weighted pseudo almost periodic or ρ-pseudo almost periodic if it can be expressed as f g φ, where g ∈ AP X g ∈ AP R×X, X and φ ∈ PAP 0 X, ρ φ ∈ PAP 0 R×X, X, ρ . The set of weighted pseudo almost-periodic functions from R into X is denoted by PAP X, ρ PAP R × X, X, ρ here.
Remark 2.3. i Clearly, AP X and PAP 0 X, ρ are closed linear subspaces of BC R, X under the supremum norm.
ii There are a lot of weighted pseudo almost-periodic functions. For example, the following function:
is weighted pseudo almost periodic under weight ρ 1 t 2 , see Example 3.6 for another example.
iii If one set ρ t 1, then weighted pseudo almost-periodic functions are exactly the so-called pseudo almost-periodic functions. Furthermore, when the weight ρ ∈ U b , Diagana's work showed that the class of functions in PAP 0 X, ρ coincides with PAP 0 X . So, the concept of weighted pseudo almost-periodic functions is a generalization of the concept of pseudo almost-periodic functions. From the following example given by us, one will see that this concept is a real generalization.
2.12
Then the bounded continuous function
is pseudo almost-periodic under this weight ρ but it is not the usual pseudo almost periodic function. iv Suppose f g φ : R → X is a weighted pseudo almost-periodic function. From 3 we know that the decomposition of f is not generally unique, that is, the function space PAP X, ρ cannot be decomposed as
2.14 Therefore, we do not know whether PAP X, ρ is a Banach space under the norm
although AP X and PAP 0 X, ρ are closed linear subspaces of BC R, X under the supremum norm, and hence Banach spaces.
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In order to obtain a completeness theorem for the space PAP X, ρ by overcoming the trouble showed in iii of the above remark, we use the "modular" idea and endow the weighted pseudo almost-periodic function in PAP X, ρ with a new norm as follows.
Let {g i φ i , i ∈ I} be all the possible decomposition of f ∈ PAP X, ρ . We define
Clearly, · ρ is a norm on PAP X, ρ . Moreover, we have the following result.
Theorem 2.5 completeness theorem . PAP X, ae is a Banach space under the norm · ρ .
Proof. Suppose {f n } is a Cauchy sequence in PAP X, ρ , relative to the norm · ρ . Then we can choose a subsequence {f n i } with
2.17
Set
Then by the definition of the norm · ρ , we can decompose each h i as h i g i φ i , where g i ∈ AP R, X and φ i ∈ PAP 0 X, ρ with
2.19
Observing that
2.20
we claim that f n i converges to a weighted pseudo almost-periodic function. Actually, it follows from 2.17 and 2.19 that 
This, together with the fact that AP R, X is a Banach space and lim i → ∞ g i 0, implies that g : ∞ k 0 g k exists and g ∈ AP R, X . The same arguments indicate that φ : ∞ k 0 φ k exists and φ ∈ PAP X, ρ . Thus, by 2.20 we have
Therefore, f n i converges to f g φ, which belongs to PAP X, ρ . In other words, {f n } is a Cauchy sequence having a convergent subsequence. Consequently, {f n } is a convergent sequence under the norm · ρ . This means that PAP X, ρ is a Banach space under the norm
Remark 2.6. Clearly, the norm · 1 coincides with the sup norm when f is a pseudo almostperiodic function, as a result of the uniqueness of decomposition of pseudo almost-periodic functions.
Composition Theorem and Existence Theorem
To obtain the existence of weighted pseudo almost periodic mild solutions to the semilinear evolution equation 1.1 , we first establish a new composition theorem as follows.
Theorem 3.1 composition theorem . Let f ∈ PAP R × X, X, ae andf g φ with g ∈ AP R × X, X and φ ∈ PAP 0 R × X, ae . Assume that f t, x is uniformly continuous in every bounded subset K ⊂ X uniformly for t ∈ R. If x ∈ PAP X, ae and x t α t β t , with α t ∈ AP X , and β t ∈ PAP 0 X, ae , then
and furthermore f ·, x · ∈ PAP X, ae .
Proof. Write f t, x t g t, α t f t, x t − f t, α t φ t, α t .
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Then, we claim that
Actually, by the theorem of composition of almost-periodic functions, it is easy to see that a holds. Next, let us prove b . Clearly, F t is bounded and continuous. By the uniformly continuity of f t, x , we know that for any ε > 0, there exists δ > 0 such that
Then E 1 and E 2 are measurable sets and E 1 ∪ E 2 R. In addition, F t < ε on the set E 1 . Observe
3.6
Using β t ∈ PAP 0 X, ρ , we get
Moreover, for any T > 0,
F s ρ s ds
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3.8
Therefore, we have
3.9
That means that b is true. Finally, we prove c . 
Since φ t, α t is continuous in −T, T , it is uniformly continuous in −T, T . Set I α −T, T . Then
The set O k {t ∈ −T, T :
On the other hand, by φ ∈ PAP 0 R × X, X, ρ , we see that there exists T 0 > 0 such that 
3.14 Thus, c holds.
Since PAP 0 X, ρ is a linear space, we have f ·, x · ∈ PAP X, ρ , by a , b , and c .
The following assumption on the weight ρ ∈ U ∞ will be used in our next investigation. 
ω − ω 0.
3.18
Therefore P ω satisfies condition 3.15 . Furthermore,
where M 1/ ω − ω . So 3.16 is satisfied. 2 Take ρ t 1 t 2 . Then for every ω > 0, we obtain
3.20
Moreover,
where for all t ≥ a and all a ∈ R.
Theorem 3.5. Let A generate an exponentially stable C 0 -semigroup {T t } t≥0 , that is,
for some positive constants K and ω. Let the weight ρ satisfy H 0 for the ω in 3.23 . Assume that H 1 f g φ : R × X → X is weighted pseudo almost periodic, with g ∈ AP R × X, X and φ ∈ PAP 0 R × X, X, ae .
for some constants L f and L g with 2L g L f K/ω < 1. From 3.28 and the fact that {T t } is exponentially stable, it follows that G t ∈ AP X . Next, we show that Φ t ∈ PAP 0 X, ρ . By 3.29 , we see that ϕ t is bounded on R, that is, sup t∈R ϕ t < ∞, and ϕ is continuous. Hence, for any T > 0, we have 
3.33
Clearly,
3.34
This, together with the assumption H 0 , implies that 
3.36
Thus, 3.29 implies that
So, Φ t ∈ PAP 0 X, ρ . Consequently, Fx t G t Φ t is a weighted pseudo almost-periodic function on R. This means that F maps PAP X, ρ into PAP X, ρ . Now, let x, y ∈ PAP X, ρ with 
3.41
We know from the arguments in the above paragraph that the two integrals on the right side are in, respectively, AP X and PAP 0 X, ρ . Therefore, 
3.42
Since the inequality is true for any decomposition of x t , y t , we can take the infimum and then obtain
Hence F is a contraction under the assumption that 2L g L f K/ω < 1. By the contraction mapping theorem, the mapping F has a unique fixed point x t ∈ PAP X, ρ , and this fixed point satisfies the integral equation 
T t − s f s, y s ds, t ∈ R.
3.47
Since y t is bounded on R and {T t } t≥0 is exponentially stable, hence x t ≡ y t on R.
In conclusion, x t is the unique mild solution to 1.1 , which ends the proof. Let f t, x x cos t cos √ 2t 1 1 t 2 cos x g t, x φ t, x , t ∈ R, x ∈ X, ρ t 1 t 2 .
3.50
Then, g ∈ AP R × X, X , φ ∈ PAP 0 R × X, X, ρ , and f, g satisfy H 2 with L f 2, L g 2, K 1, ω π 2 .
3.51
By Theorem 3.5, the corresponding equation 1.1 has a unique weighted pseudo almostperiodic mild solution under the weight ρ t 1 t 2 .
